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Abstract. Experimental design approaches are essential for improving
products and processes, and their use is often decisive in achieving a
successful target result. Thus, mixture design is a method for design-
ing experiments which considers that the result does not depend on
the total amount but on the proportions of the components. Mixture
design techniques are often applied to problems in food, beverage,
pharmaceutical health, and cement-based materials, among others, and
one may also use them to help solve multi-objective problems when
the weights of the objective function components can interfere with
the optimization process. Therefore, given the relevance of studies on
mixture planning and the increasing use of methods and techniques
to consider uncertainty, the objective of this study is to propose an
approach to deal with uncertainties in the coefficients of polynomial
objective functions for the optimization of mixture design problem
considering optimization via Monte Carlo Simulation. Computational
tests were made using R software with instances from a literature study
on a waste paper recycling logistics problem where the assignment of
model weights is part of the process. Comparing the results to those
obtained using the General Algebraic Modeling System language and
CPLEX solver, they showed that considering uncertainty in the co-
efficients of objective function assisted in minimizing the difference
between the obtained results, allowing for improvement in the repre-
sentation of several scenarios. The developed approach also provided
solution possibilities to help choose the best weights to optimize goal
programming problems.

Keywords: Mixture design; Optimization via simulation; Weighted
goal programming.

1. Introduction

Many studies in the literature use techniques of Response Surface Methodology
(RSM) for modeling and analyzing the relationship between the factors of interest in
a given system with applications found in, for example, industrial processes [1, 2],
chemical processes [3], among others [4]. In this context, there are studies that use
deterministic response surface models [5] and others that use uncertainty as a way to
get values for the response variable closer to the actual values [1, 2, 6]

Variables that affect the performance of an experiment may have dependent levels
on the proportions of their components. Mixture experiments, for example, consider
techniques in which two or more factors are components or ingredients of a mixture,

ICOTEM 2023 | 363



where the level of each factor depends on the levels of the others, constituting the
proportions of this mixture [7—10]. Techniques used in mixture design are often
applied to problems on food, beverage, pharmaceutical health [7], and when consid-
ering that the result does not depend on the total amount but the proportions of the
components, they can be used to help solve multi-objective problems associated with
the optimization of the weights of the objective function components.

Despite the differences associated with the domain, the linear dependence of the vari-
ables, and the methods used to design experiments, both the RSM and the Mixture
design methods employ polynomial models that approximately associate the re-
sponse with the input variables to describe the studied system and analyze the search
space to find the best results [9, 10]. Thus, huge differences between the actual value
and the response value obtained when optimizing the components of a polynomial
model used to design the response surface in mixture experiments can also make it
challenging to improve the performance of processes.

Since techniques for the design of experiments as those used in mixtures consider
that the result does not depend on the total amount but the proportions of the com-
ponents, they can be used to help solve multi-objective problems associated with the
optimization of the weights of the objective function components.

Therefore, based on the study developed by [2] the objectives of this paper were
to develop an approach to deal with uncertainties in the coefficients of polynomial
objective functions for the optimization of mixture design problems considering op-
timization via Monte Carlo Simulation [11] and to assist with the choice of the best
weights to optimize goal programming problems.

To develop the proposed algorithm, a search in the literature was carried out in Scopus
[12] and the Web of Science [ 13] databases to verify the relevance of the publications
related to mixture design, prioritization, and Optimization via Simulation, and justify
this study. Table 1 summarizes the search method. It should be pointed out that when
associating “Optimization via Simulation” and “Monte Carlo” with keywords related
to mixture design and prioritization, we found no papers in the consulted databases.

Table 1. Summary of the search carried out in the databases

Steps | Keywords and Connectives Number of documents found in
the databases
1 (“Uncertain” OR “Uncertainty” OR “Risk” OR
“Stochastic”) Scopus: 206
AND (“Mixture Experiment” OR “Mixture De- The Web of Science: 107
sign”)

364 | ICOTEM 2023



Steps | Keywords and Connectives Number of documents found in
the databases

2 “Optimization via Monte Carlo Simulation” OR Scopus: 9
“Optimization by Monte Carlo Simulation” The Web of Science: 5
3 “Mixture Experiment” OR “Mixture Design”
Scopus: 0

AND (“Optimization via Simulation” OR
“Optimization by Simulation”)

4 (“Multicriteria” OR “Multiresponse” OR “Multi-
objective” OR

“Goal Programming”) AND (“Priority” OR “Prior-
itization” OR “Weight”

OR “Preference”)

The Web of Science: 0

Scopus: 20,529
The Web of Science: 7,625

5 (“Multicriteria” OR “Multiresponse” OR “Multi-
objective” OR
“Goal Programming”) AND (“Priority” OR “Prior- Scopus: 1
itization” OR “Weight” The Web of Science: 0

OR “Preference”) AND ( “Optimization via Simu-
lation” OR “Optimization by Simulation”)

6 (“Multicriteria” OR “Multiresponse” OR “Multi-
objective” OR

“Goal Programming”) AND (“Priority” OR “Prior-
itization” OR “Weight”

OR “Preference”) AND ( “Optimization via Sim-
ulation” OR “Optimization by Simulation””) AND
“Monte Carlo”

Source: search carried out in Scopus [12] and the Web of Science databases [13].

Scopus: 0
The Web of Science: 0

Therefore, the proposed method is an innovative technique that will help the deci-
sion-making process when getting a better fit for the regression model to minimize
the difference between the obtained result and the real value.

This paper is organized as follows. Section 2 presents Methodological Procedures,
Section 3 comprises Analysis and Discussion, and Section 4 presents the Conclusion,
followed by the References.

2. Methodological Procedures

Based on definitions presented by [9], consider p the number of components in a
mixture. If x,, x,, ..., x, denote the proportions of these components in the mixture,
then0<x,< 1,i=1, .., p,and x, +x, + ... x, = 1. The response surface of a mixture
experiment is a (p — 1) - dimensional simplex. For example, for for p = 2, there is a
line; p = 3, the simplex is a triangle; for p = 4, a tetrahedron represents the space [9,

10, 14]. Thus, model (1) represents a quadratic model for experiments with mixtures
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[9]. The coefficients 5, represent the expected response for the pure mixture, x, = 1
and for x;= 0, and 8, indicate synergism or antagonism of the binary mixture [10, 15].

Z xl+zp:zp:b’ijxixj (1)
j>i

i= i=1 ]:

Based on that information, we got data and the Weighted Goal Programming Model
from [16, 17], which considers eight objectives and, consequently, eight goals, for
a waste paper logistics problem. We considered the instances R1 (original) and R3
(with gap = 0%) to carry out tests, and we organized the priorities according to units
of measurement of the goals, as well as in some tests presented in [16]. That is x,, x,
and x, represent the priorities of three blocks of deviation variables associated with
goals whose units of measurement are: [R$] (the official currency of Brazil); [km]
(kilometers); and [t] (tonne).

After that, tests were performed using the General Algebraic Modeling System lan-
guage, GAMS 23.5.2, [18-20] and CPLEX solver 12.2 [21], as well as the software
used by [16, 17], considering thirteen different priorities, that is, thirteen combina-
tions of values for three mixture components: three constituted of pure components,
three of binary mixtures, combining 50% of each two components, one ternary mix-
ture (1/3 of each component), and six formulations combining 2/3 and 1/3 of each
two components. The tests were performed on an Intel Core i7-12650H computer
with 2.30GHz and 16GB of RAM. The criterion for interrupting the considered pro-
grams was the time limit of 10.800 seconds.

Then, based on the information about the company’s need, available in [16, 17], we se-
lected the results of the following deviation variables to consider as response variables:
sum of the “negative deviation from the goal of sales of bales of material” per material
i, per customer c, in each period 7 (df;;,), sum of the “negative deviation from the goal
of sales of bales of material” per material 7, over the planning horizon (dgq;) [16, 17],
and the sum of the total value of deviation variables whose unit measure is tonne (S;,.;).

Thus, the empirical function and the confidence intervals (CI) of 95% for all the
coefficients of the independent variables were generated. Ordinary Least Square
Algorithm (OLS) [10, 15] in the “mixexp” package from software R was used to
draw objective functions [22, 23], which was optimized by the Augmented Lagrange
Method available in the “Rsolnp” package [24, 25]. Based on [10], for choosing the
model, we analyzed the value of R?, normality, homoscedasticity of variances, and
autocorrelation of the residuals. Considering the hierarchy, we also disregarded the
terms that were not significant with a = 5% in equation (1). In all tests, the objective
was to minimize the objective function value.
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In addition, we developed a stochastic simulation algorithm that uses the CI gener-
ated during the previous step for writing the objective function coefficients (f,) as
uniform random values, and Monte Carlo Simulation was inserted into the process.
To solve problems with uncertainty, the value of the best feasible solution was ob-
tained considering a minimum of 50,000 replications.

After that, analyses were performed comparing the optimized responses obtained
from empirical functions with deterministic and stochastic coefficients with those
obtained using the General Algebraic Modeling System language, GAMS 23.5.2,
[18-20] and CPLEX solver 12.2 [21]. Figure 1 summarizes the steps of the process
and Figure 2 presents the pseudo-code of the developed algorithm.

Step 1 —Perform tests using the General Algebraic Modeling System
language and CPLEX solver considering the priorities according to
units of measurement of the goals.

Y

Step 2 — Use Ordinary Least Square Algorithm available in the
"mixexp" package from software R to find the Empirical Function
composed by the priorities in Step 1 (components), response (selected
deviation variables in Step 1, and the Confidence Intervals 0of 95% of
the coefficients of the variables.

Y

Step 3 — Apply the augmented Lagrange method available in the
"Rsolnp" package to optimize in a determinist way, the Empirical
Function obtained from the previous step.

v

Step 4 — Use the developed algorithm to insert uncertainty in the
coefficients of the Empirical Function by the Confidence Intervals
drawn in Step 2 and optimize that function.

l

Step 5 —Perform tests using the General Algebraic Modeling System
language, and CPLEX solver, considering the values of the
components obtained from optimization of the empirical fimctions
with deterministic and stochastic coefficients.

l

Step 6 — Compare and analyze the optimized responses obtained
from optimization of the empirical functions with deterministic and
stochastic coefficients to those obtained using the General Algebraic
Modeling System language, and CPLEX solver.

Figure 1. Steps of the Process.
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Figure 2. Pseudo-code of the developed algorithm.

3. Analysis and Discussion

Table 2 shows statistically significant results obtained by R software [22, 23] of the
p-values of Shapiro-Wilk, Breusch-Pagan, Durbin-Watson tests and Adjusted-R? of the
quadratic model without the iteration xx, defined to design the experiment. Tables 3
and 4 show the deterministic coefficients of the empirical function, the new coefficients
generated with the insertion of uncertainty, the optimized values of the independent
variables x,, x,, and x;, and the optimized values of the response variable obtained by R
software [22-25] and GAMS/CPLEX [18-21] in the instances R1 and R3.

All the optimized values of the independent variables, calculated by the proposed
algorithm, differed from those obtained with the deterministic algorithm. Although
we could verify that the time limit considered to find a solution by GAMS/CPLEX
was not enough to reach out GAP equal to zero, we stressed that when considering
uncertainty, the values of the response variables were smaller. The checking tests by
GAMS/CPLEX resulted in a minimal difference. Observe, for example, the values
of dg; in R1 and R3, S, in R1 and df;, in R3. While the differences between the
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values obtained with the stochastic algorithm and then with the GAMS/CPLEX were
at most 5.355, the differences between the values obtained with the deterministic
algorithm and with the GAMS/CPLEX reached 209.46 units.

The developed strategy to identify and consider weights in the model allows the anal-
ysis of different scenarios associated with, for example, variations in the availability
of waste. That strategy can help the manager plan and optimize the development of
processes, such as acquiring material and meeting demand [16,17].

Table 2. P-values of Empirical Functions associated with each response

Shapiro-Wilk  Breusch-Pagan Durbin-Watson

Instances test (p-value)  test (p-value)  teste (p-value) Adjusted-R*
R1 0.33 0.19 0.14 091
0.42 0.22 0.20 091
0.37 0.19 0.16 091
R3 0.06 0.17 0.15 0.92
0.04 0.12 0.10 0.94
0.07 0.20 0.10 0.92

Source: Tests performed using R software [22, 23].

Table 3. Instance R1 - Results of the Empirical Functions with and without uncer-

tainty

Parameters/Variables ~ Type of coefficients dfice dq; Siotal
Deterministic 766 692 1981
By Stochastic 839 663 2162
Deterministic 817 770 2100
ﬁZ Stochastic 873 847 2216
Deterministic 426 327 829
Bs Stochastic 403 184 368
Deterministic -906 -1018 -3147
Bis Stochastic -1045 -1379 -2099
Deterministic -1088 -1212 -3524
Pos Stochastic -879 711 -4068
Deterministic 0 0.09 0.11
i Stochastic 0.19 0.41 0.35

N Deterministic 0.55 0.01 0
2 Stochastic 0.26 0.23 0.21
Deterministic 0.45 0.9 0.89
3 Stochastic 0.55 0.36 0.44
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Parameters/Variables ~ Type of coefficients dfice dq; Sora

(or d) Deterministic 373 270 644
¥ (propose Stochastic 373 270 644
Deterministic 373 277 853

y (GAMS) Stochastic 373 270 649
Deterministic 0 0.04 0.14

GAP (GAMS) Stochastic 0 0.05 0.004

Source: Tests performed using R software [22-25], GAMS 23.5.2 [18-20] and CPLEX solver 12.2 [21]

Table 4. Instance R3 - Results of the Empirical Functions with and without uncer-
tainty.

Parameters/Variables ~ Type of coefficients dfic dq; S oral
Deterministic 834 751 2110
B Stochastic 639 713 1854
Deterministic 823 742 2079
B, Stochastic 674 777 2225
Deterministic 111 86 272
Ps Stochastic -149 80 -258
Deterministic -2067 -1877 -5125
Bis Stochastic -2907 -1626 -7298
Deterministic -1987 -1857 -5026
Bos Stochastic -2906 -1288 -6870
Deterministic 0.55 0 0.54
i Stochastic 0 0.52 0.76
Deterministic 0 0.57 0
2 Stochastic 0.78 0 0
Deterministic 0.45 0.43 0.46
3 Stochastic 0.22 0.49 0.24
Deterministic 0 0.0013 0
¥ (proposed) Stochastic 0 0 0
Deterministic 67.08 0 14.846
v (GAMS) Stochastic 2.16 0 4.247
Deterministic 1 1 1
GAP (GAMS) Stochastic 1 1 1

Source: Tests performed using R software [22-25], GAMS 23.5.2 [18-20] and CPLEX solver 12.2 [21]

4. Conclusions and Future Research

The objective of this study was to develop an approach to deal with uncertainties in
the coefficients of polynomial objective functions for the optimization of mixture
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design problems considering optimization via Monte Carlo Simulation. The proposal
also aimed to assist with the choice of the best weights to optimize goal programming
problems.

We verified that the proposed algorithm has shown competitive results concerning
the deterministic model. When considering uncertainty in the coefficients of the ob-
jective function, the results obtained with the proposed method allowed for improve-
ment in the representation of several scenarios. The proposal also provided solution
possibilities to help choose the best weights to the optimize goal programming prob-
lem.

The algorithm can be adapted for considering and optimizing multiple responses in
future research. In addition, the proposal can be applied to assist in solving other ac-
tual problems related to mixture design, such as detergents, soaps, food, and polymer
concrete.
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